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1. Introduction 

 

Globalisation has led to international financial markets becoming increasingly 

interconnected, with equities displaying a high degree of co-movement across countries. 

This paper analyses linkages between US and European stock markets. Specifically, it 

applies fractional integration and cointegration techniques with the aim of testing co-

movement between the S&P 500 Index and the Euro Stoxx 50 Index over the period 

from 1986 t

from 198t
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2. Literature review 

There is an extensive literature testing whether stock prices are unpredictable and follow 

a random walk as implied by the Efficient Market Hypothesis or are instead mean- 
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the returns as a proxy for volatility, and estimated a long-memory process to examine 

persistence in volatility, establishing some stylized facts regarding the temporal and 

distributional properties of these series. However, in a following study, Granger and 

Ding (1996) found that the parameters of the long memory model varied considerably 

across subsamples. The issue of fractional integration with structural breaks in stock 

markets has been examined by Mikosch and Starica (2000) and Granger and Hyung 

(2004) among others. Stochastic volatility models using fractional integration have been 

estimated by Crato and de Lima (1994), Bollerslev and Mikkelsen (1996), Ding and 

Granger (1996), Breidt, Crato and de Lima (1997, 1998), Arteche (2004), Baillie, Han, 

Myers and Song (2007), etc. 

Another strand of the literature focuses not only on individual time series, but 

also on the co-movement between international stock markets. It dates back to Panto et 

al. (1976), who used correlations to test for stock market interdependence. Subsequent 

studies relied on the cointegration framework developed by Engle and Granger (1987) 

and Johansen (1991, 1996) to examine long-run linkages. For instance, Taylor and 

Tonks (1989) showed that markets in the US, Germany, Netherlands and Japan 

exhibited cointegration over the period October 1979 - June 1986. Jeon and Von-

Furstenberg (1990) used the VAR approach and found an increase in cross-border 

cointegration since 1987. For post-crash periods and times of heightened volatility, Lee 

and Kim (1994) showed that the US and Japanese markets had tighter linkages. 

Copeland and Copeland (1998) and Jeong (1999) found a leadership role for the US 

relative to smaller markets. Wong et al. (2005) used fractional cointegration and 

reported linkages between India and the US, the UK and Japan.  Syllignakis and 

Kouretas (2010) studied instead the integration of European and US stock markets, 

finding strong long-run linkages between US and German stock prices. Bastos and 
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Caiado (2010) found evidence of cointegration for a wider sample of forty-six 

developed and emerging countries. The present study contributes to this literature by 

using fractional cointegration techniques to test for long-run linkages between the US 

and European financial markets and highlighting a change in their relationship. 

 

3. Empirical methodology 

The empirical analysis is based on the concepts of fractional integration and 

cointegration. For our purposes, we define an I(0) process as a covariance stationary 

process with a spectral density function that is positive and finite at the zero frequency. 

Therefore, a time series {xt, t = 1, 2, … } is said to be I(d) if it can be represented as 

,...,1,0,)1( r  � tuxL tt
d     (1) 

with xt = 0 for t  ≤  0, where L  is the lag-operator ( 1� tt xLx ) and tu  is � �0I . By 

allowing d to be fractional, we introduce a much higher degree of flexibility in the 

dynamic specification of the series in comparison to the classical approaches based on 

integer differentiation, i.e., d = 0 and d = 1.  

 Given the parameterisation in (1), different models can be obtained depending on 

the value of d. Thus, if d = 0, xt = ut, xt is said to be “short memory”, and the 

observations may be weakly autocorrelated, i.e. with the autocorrelation coefficients 

decaying at an exponential rate; if d > 0, xt is said to be “long memory”, so named 

because of the strong association between observations far apart in time. If d belongs to 

the interval (0, 0.5) xt is still covariance stationary, while d ≥  0.5 implies 

nonstationarity. Finally, if d < 1, the series is mean reverting, implying that the effect of 

the shocks disappears in the long run, in contrast to what happens if d ≥ 1, when the 

effects of shocks persist forever. 



6 
 

 We estimate d using a parametric Whittle function in the frequency domain (Fox 

and Taqqu, 1986; Dahlhaus, 1989) along with a Lagrange Multiplier (LM) test 

developed by Robinson (1994a) that has the advantage that it remains valid even in the 

presence of nonstationarity. Some semi-parametric methods (Robinson, 1995a,b) will 

also be used for the analysis. 

 For the multivariate case, we apply fractional cointegration methods. First we 

test for homogeneity in the orders of integration of the two series using a procedure 

developed by Robinson and Yajima (2002); then, since the two parent series appear to 

be I(1), we run a standard OLS regression of one variable against the other, and 

examine the order of integration of the estimated errors. A Hausman test of the null 

hypothesis of no cointegration against the alternative of fractional cointegration 

(Marinucci and Robinson, 2001) is also carried out.  

 

4. Data and empirical results 

The series used for the analysis are the S&P 500 Index and the Euro Stoxx 50 Index 

(downloaded from Yahoo! Finance)
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 Figure 1 displays the two series. They exhibit very similar behaviour from the 

beginning of the sample until 2009, with two peaks occurring in 2000 and 2007, 

followed by a sharp decline in 2001 and 2008. Since the start of the recovery from the 

global financial crisis in 2009, a much faster recovery is observed in the S&P 500 than 

in Euro Stoxx 50.  

As a first step we estimate the fractional differencing parameter in the following 

model, 

...,2,1t,ux)L1(,xty tt
d

t10t   ��� EE   (2) 

where yt is the observed series, β0 and β1 are the coefficients corresponding to an 

intercept and a linear time trend, and xt is assumed to be I(d), where d can take any real 

value. Therefore the error term, ut, is I(0), and is assumed 61.18 T 0 0 1 250.49 161.18 Tm

 /P <8ia> BDC B.o94(a)3( )-0248.21 159.62 m,
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Table 1 shows the estimates of the fractional differencing parameter for the 

original series, while Table 2 focuses on the log-transformed data. In both cases, we 

display the estimates of d, along with their corresponding 95% confidence intervals, in 

the three cases of no regressors (β0 = β1 = 0 a priori in (2)), an intercept (β0 unknown 

and β1 = 0 a priori) and an intercept with a linear trend (β0 and β1 unknown). 

 For the original series (see Table 1), if ut 
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roots in stock indices in most developed economies (Huber, 1997; Liu et al., 1997; 

Ozdemir, 2008; Narayan, 2005, 2006; Narayan and Smyth, 2004, 2005; Qian et al., 

2008; etc.).  

Various studies in the literature have documented non-linear dynamics in stock 

prices. For instance, Hsieh (1991) explored ‘Chaos Dynamics’ in stock prices not 

following a normal distribution; Abhyankar et al. (1995) provided evidence of non-

linearity in the London Financial Times Stock Exchange (FTSE) index that cannot be 

fully explained by a GARCH model; Kosfeld and Robé (2001) showed various types of 

non
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the full sample analysis; since both series appear to be I(1) throughout the sample it is 

legitimate to test for cointegration.  

 A necessary condition for cointegration is that the two parent series have the 

same degree of integration. In our case, the confidence intervals reported in Table 1 and 

2 clearly suggest that the unit root (I(1)) hypothesis cannot be rejected for either series. 

However, we also perform a test of the homogeneity of the orders of integration in the 

bivariate systems (i.e., Ho: dx = dy), where dx and dy are the orders of integration of the 

two individual series, by using an adaptation of the Robinson and Yajima (2002) 

statistic xyT̂  to log-periodogram estimation. This is calculated as: 

� �
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with a standard normal limit distribution (see Gil-Alana and Hualde (2009) for evidence 

on the finite sample performance of this procedure). As expected, the results strongly 

support the hypothesis that the two orders of integration are the same, with a unit root 

being present in both cases. 

 Next, we examine the cointegrating relationship by estimating the following 

regression, 

...,2,1,)1(,2101   ��� tuxLxyy tt

d

ttt EE  (6)  

where y1t is the logged S&P 500 Index and y2t the logged Euro Stoxx 50 Index. We 

consider the two cases of uncorrelated (white noise) and correlated (Bloomfield) errors. 
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prices. In the case of the latter, other factors such as less prominence of technology 

stocks have also resulted in underperforming stock indices.  



16 
 

 

References 

 

Abadir, K.M., Distaso, W.  and Giraitis, L. (2007). Nonstationarity-extended local 

Whittle estimation, Journal of Econometrics 141, 1353-1384. 

 

Abhyankar, A., Copeland, L. S. and W. Wong, 1995, Nonlinear dynamics in real-time 

equity market indices: evidence from the United Kingdom, The Economic Journal, 864-

880. 

 

Alvarez-Ramirez, J., Alvarez, J., Rodriguez, E. and Fernandez-Anaya, G., 2008, Time-

varying Hurst exponent for US stock markets, Physica A: Statistical Mechanics and Its 

Applications, 6159-6169. 

 

Arteche, J., 2004, Gaussian semiparametric estimation in long memory in stochastic 

volatility and signal plus noise models, Journal of Econometrics 119, 131-154. 

 

Aydogan, K. and G.G. Booth, 1988, Are there long cycles in common stock returns? 

Southern Economic Journal 55, 141-149. 

 

Baillie, R.T., Y.W. Han, R.J. Myers and J. Song, 2007, Long memory models for daily 

and high frequency commodity future returns, Journal of Future Markets 27, 643-668. 

 

Barkoulas, J.T. and C.F. Baum, 1996, Long term dependence in stock returns. 

Economics Letters, 53, 253-259. 

 

Barkoulas, J.T., C.F. Baum and N. Travlos, 2000, Long memory in the Greek stock 

market. Applied Financial Economics, 10, 177-184. 

 

Bastos, J. A. and Caiado, J., 2010, The structure of international stock market returns, 

CEMAPRE Working Paper, No. 1002. 

 

Bloomfield, P. (1973). An exponential model in the spectrum of a scalar time series, 

Biometrika 60, 217-226. 

 

Bollerslev, T. and H.O. Mikkelsen, 1996, Modeling and pricing long memory in stock 

market volatility, Journal of Econometrics 73, 151-184. 

 

Breidt, F., N. Crato and P. de Lima, 1997, Modeling persistent volatility of asset 

returns, Computational Inteligence for Financial Engineering 23, 266-272. 

 

Breidt, F., N. Crato and P. de Lima, 1998, The detection and estimation of long memory 

in stochastic volatility, Journal of Econometrics 83, 325-348. 

 

Cheung, Y.- W. and K.S. Lai, 1995, A search for long memory in international stock 

market returns, Journal of International Money and Finance, 14, 597-615. 

 

Choudhry, T, 1997, Stochastic trends in stock prices: Evidence from Latin American 

markets, Journal of Macroeconomics, 19, 285-304. 



http://ideas.repec.org/p/shf/wpaper/2012013.html
http://ideas.repec.org/p/shf/wpaper/2012013.html
http://ideas.repec.org/s/shf/wpaper.html
http://www4.stat.ncsu.edu/~dickey/roots.html




19 
 

Kosfeld, R. and S. Robé, 2001, Testing for nonlinearities in German bank stock 

returns, Empirical Economics, 26(3), 581-597. 

 

Lee, S.B., and K.J. Kim, 1994, Does the October 1987 crash strengthen the co-

movement in stock price indexes, Quarterly Review of Economics and Business, 

Vol. 3, pp. 89-102. 

 

Liu, C.Y., S.H. Song and P. Romilley, 1997, Are Chinese stock markets efficient?, A 

cointegration and causality analysis, Applied Economics Letters 4, 511-515. 

 

Lo, A.W., 1991, Long-term memory in stock prices. Econometrica, 59, 1279-1313. 

 

Marinucci, D. and P.M. Robinson (2001) Semiparametric fractional cointegration 

analysis, J



20 
 

Panto, D.B., V.P. Lessig, and M. Joy, 1976, Comovement of International Equity 

Markets: A Taxonomic Approach, Journal of Financial and Quantitative Analysis 11, 

415-432. 

 

Phillips, P.C.B. and S.N. Durlauf, 1986, Multiple time series regressions with integrated 

processes, Review of Economic Studies 53, 473-495. 

 

Phillips, P.C., and Perron P. 1988. “Testing for Unit Roots in Time Series Regression.” 

Biometrika, 75, 335-346. 

 

Poterba, J. and L. Summers, 1988, Mean reversion in stock prices, Journal of Financial 

Economics, 27-59. 

 

Qian, Xi-Yuan. S, Fu-Tie. and Z. Wei-Xing (2008). Nonlinear behavior of the 

Chinese SSEC index with a unit root. Evidence from threshold unit root tests, 

Physica A 387, 503-510. 

 

Robinson, P.M. (1994a), “Efficient tests of nonstationary hypotheses”, Journal of the 

American Statistical Association 89, 1420-1437. 

 

Robinson, P. M. (1994b), ‘Semiparametric analysis of long-memory time series’, 

Annals of Statistics 22, 515-539. 

 

Robinson, P.M., 1995, Log-periodogram regression of time series with long range 

dependence, Annals of Statistics 23, 1048-1072. 

 

Robinson, P.M. and Y. Yajima (2002), Determination of cointegrating rank in fractional 

systems, Journal of Econometrics 106, 217-241. 

 

S&P 500 Index, 2014, July 2, ^GSPC stock quote, Yahoo! Finance, Retrieved from 

http://finance.yahoo.com/q?s=%5EGSPC. 

 

Sadique, S. and P. Silvapulle, 2001, Long-term memory in stock market returns. 

International evidence. International Journal of Finance and Economics, 6, 59-67. 

 

Smyth, G.K. 1998.Polynomial Aproximation, John Wiley & Sons, Ltd, Chichester. 

 

Syllignakis M. and Kouretas, G., 2010. German, US and Central and Eastern European 

Stock Market Integration, Open Economies Review, Springer, vol. 21(4), pages 607-

628. 

 

Taylor, M. P. and Tonks, I., 1989, The Internationalisation of Stock Markets and the 

Abolition of U.K. Exchange Control, The Review of Economics and Statistics, Vol.71, 

pp. 332-336. 

 

Tolvi, J., 2003, Long memory and outliers in stock market returns. Applied Financial 

Economics, 13, 495-502 

 





22 
 

 

Table 1: Estimates of d for each series using the raw data 

i)    White noise disturbances 

 No regressors An intercept A linear time trend 

U.S. stock market 1.09  (1.02,  1.17) 1.07  (1.00,  1.15) 1.07  (1.00,  1.15) 

Euro stock market 1.10  (1.03,  1.18) 1.10  (1.04,  1.19) 1.10  (1.09,  1.19) 

ii)    AR(1) disturbances 

U.S. stock market 1.09  (0.98,  1.22) 1.05  (0.92,  1.17) 1.05  (0.93,  1.17) 

Euro stock market 1.10  (0.96,  1.24) 1.09  (0.97,  

1.23)co 

1.09  (0.97,  1.23) 

iii)    Bloomfield disturbances 

U.S. stock market 1.08  (0.96,  1.21) 1.04  (0.93,  1.19) 1.04  (0.93,  1.19) 

Euro stock market 1.11  (0.98,  1.25) 1.09  (0.98,  1.23) 1.09  (0.98,  1.23) 

iv)    monthly AR(1) disturbances 

U.S. stock market 1.08  (1.02,  1.17) 1.06  (0.99,  1.15) 1.06  (0.99,  1.15) 

Euro stock market 1.09  (1.03,  1.18) 1.10  (1.03,  1.19) 1.10  (1.03,  1.19) 





24 
 

 

 

 

Table 5
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Figure 1: Time series plots: US and European stock market indices 
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Figure 3: Recursive estimates of d from the cointegrating regression 

 

 
The thick line refers to the estimated values of d. The thin lines are the 95% confidence intervals. 
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